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How to describe the change in velocity at a given time t

I

tsec v (t) m
sec

0 0
1 9.8
2 19.6
3 29.4
4 39.2



Acceleration

Rate of change of velocity

a (t) = lim
∆t→0

v (t + ∆t) − v (t)

∆t
≡ dv

dt

Acceleration is the second derivative of the position

a (t) =
dv

dt
=

d

dt

(
dx

dt

)
≡ d2x

dt2



Rate of change of acceleration

I We can define the rate of change of acceleration in a similar
manner

da

dt
= lim

∆t→0

a (t + ∆t) − a (t)

∆t

I It is an interesting fact about our description of nature that
rate of change of acceleration is not required in formulating
the laws of motion



Reference Frame

Laboratory as a reference frame
We will start with a rough idea that we are observing a motion in a
laboratory. In this laboratory we have means of measuring position
and time of a particle. We have clocks and measuring rods. We will
call such a laboratory a reference frame.



One-dimensional coordinate system

A coordinate system is a way of labeling the points of the space

Figure: An example of one dimensional coordinate system



Newton’s laws of motion in one-dimension

Newton’s second law of motion
The motion of a particle in one dimension when observed from
special reference frames satisfies the equation

Fx =
d

dt
(mvx) =

dpx
dt

= m
dvx
dt

= m
d2x

dt2
,

where m is the mass of the particle and is a measure of the
resistance of the particle to change its momentum. Fx is the force
acting on the particle.



Force

Forces are given by the laws of nature
I Fspring(x) = −k × x , where k is a constant we determine from

experiments
I Ffriction (vx) = −γ dx

dt , where γ is a constant we determine from
experiments

I These are examples of approximate laws, they are consequence
of fundmental forces acting on many many particles.



Mass on the spring

m

x
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Fig. 9-3. A mass on a spring.

which leads to the equations

vx = v0 + gt,

x = x0 + v0t + 1
2gt

2. (9.10)

As another example, let us suppose that we have been able to build a gad-
get (Fig. 9-3) which applies a force proportional to the distance and directed
oppositely—a spring. If we forget about gravity, which is of course balanced out
by the initial stretch of the spring, and talk only about excess forces, we see that
if we pull the mass down, the spring pulls up, while if we push it up the spring
pulls down. This machine has been designed carefully so that the force is greater,
the more we pull it up, in exact proportion to the displacement from the balanced
condition, and the force upward is similarly proportional to how far we pull down.
If we watch the dynamics of this machine, we see a rather beautiful motion—up,
down, up, down, . . . The question is, will Newton’s equations correctly describe
this motion? Let us see whether we can exactly calculate how it moves with this
periodic oscillation, by applying Newton’s law (9.7). In the present instance, the
equation is

≠ kx = m(dvx/dt). (9.11)

Here we have a situation where the velocity in the x-direction changes at a rate
proportional to x. Nothing will be gained by retaining numerous constants, so
we shall imagine either that the scale of time has changed or that there is an
accident in the units, so that we happen to have k/m = 1. Thus we shall try to
solve the equation

dvx/dt = ≠x. (9.12)

To proceed, we must know what vx is, but of course we know that the velocity is
the rate of change of the position.
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Figure: Mass on the spring

Equation of motion

−x =
d2x

dt2



Equation of motion

Solving the equation of motion −x = d2x
dt2

We want to solve this equation starting with x = 1.0 and vx = 0. .
We are going to check our solution by measuring the position at
intervals of ε.



Filling up the table
I Where will the particle be at a small time interval ∆t = ε

latter?
I

x (ε) = x (0) + vx (0) ε = 1.0 + 0.0ε = 1.0

I Where will the particle be at t = 2ε?
I

x (2ε) = x (ε) + vx (ε) ε = 1.0 + vx (ε) ε

I But we don’t know v (ε). We are stuck.

t x v
0 1.0 0.0
ε 1.0 ?
2ε ? ?
3ε ? ?

Table: Motion of the mass on a spring



Dynamical meaning of the equation: −x = dv
dt

Equation of motion allows us to calculate the new velocity

v (ε) = v (0) + a (0) ε

= v (0) + (−x (0))ε

t x v
0 1.00 0.000
0.1 1.00 −0.100
0.2 0.990 −0.200
0.3 0.970 −0.299

Table: Motion of the mass on a spring with ε = 0.1
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